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Abstract CFT ingredients
· G a profinite group

G = lim H
- x

"Gal(F(k) finite

· A a continuous multiplicative G-module

· id(a) =a A =
x

-

x
· o(ab) = o(a)o(b) = Qp
· (oot) (a) = t (o(a)

A= Al A = (a=A = o(a)=a

toH3HEG3H=GalE/K) (k :E]



· d : G+ continuous

· v : - E

v(A) = 2 v (A)/nV(A) z/nz

v(Ni) = f v(A) Kefinite

Al H =Gal(k/k)



class field theory axions
For every

finite cyclic extension /K
-

Lk2R Gal(((k)= [07

↑

# Ak/Ny(Ac)
= [L : k]

if a t Ar of norm 1 then a = (b)
-

b

be Ac



Kummer theory

Axiom : For every finite cyclic extension
/k if

a A with horm1 then
a= b) beAc
b

Today : G
= Gal(F/k) R field
A = x

~
k any field

In this case axiom is always satisfied
this is Hilbert 90



Fix a positive integer, assume

Mn[K Mn = Set of
th Roots of

unity
17G

Definition : A Kummer extension of K

is of the form

k(VI) 4) - kX

w

all nth Roots of all elements

in



Definition : A Kummer extension of K

is of the form

k(VI) 4) - kX

Such an extension is Galois with abelian

Galois group
of exponent n

rusti

geGal(k(VI)(k)
g = id

n least positive such integer



Such an extension is Galois with

Galois group
of exponent n

To see this : at
X

Gal(ka)(k) -> un
Yo # olVa

Fa



"Classification" theorem

# L/k is abelian of exponent n

then
L= k(V) with =(+)11k

*

proof for 4k finite cyclic
In this case

, L= k(x) with &" **



Let Gal((/k) = <0) , <3) =Un

Jek so Nyk(3) = J = 1

By the axiom/Hilbert go

j= (4) for some de LX
&

So k[k(d)

oi(d) = 31 so oi(c) =d if
i=o mod n



So [K(d) : K] = n but so does

(Lik] and so L= k(d).

Now=
so o(d") = 2" and de K

-



As a consequence if god(chalk , n)= 1 MnEKT

There is a 1-1 correspondence
abelian extensions

groups

((+" - x = 1 +] -E 4k Of Sexponent n

under this Correspondence
D = ((x)"1kX and

Gal(L/k) E Hom(Δ/(*) " , Mn)E Hom (Gal(4/k)
,un) =4/(k*) "



Hypotheses from now on
god(chark , n)= 1 MnEKY

,
k local field

CK/Qp finite, K
= /R

,KS

L=k(V) maximal abelian extension
of K of exponent n

Fact (should be proved) Reciprocity
Nyk((*) = (k+)m -

By CFT Gal(L/k) =**/(k+) ~



CFT

Gal(L(k) = k
*

((kx)n
kummen theory

#X
Hom (Gal(4/k)

,un) E ((kx)"

We get the Hilbert symbol

() : xY(+yn
+ 1((k+)n + Mm

&

- C o X+ x(r)
prime of K H

S
A

Gal(4/k) Hom(Gal(1/k)
/Mn)



a , be kX

: Gal(k()(k) KX-Uk(5)/k Ni
Ja -1a

then

(a)=



n=2 Mz= [ = 13 2Qp

(a) = (g) Legendre symbol




