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Lecture 3

The Mordell-Weil Group of an Elliptic Curve


95% of people cannot solve this!
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Can you find positive whole values

for '; {%; andb?
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Here is the simplest solution:

apple = 154476802108746166441951315019919837485664325669565431700026634898253202035277999
banana = 36875131794129999827197811565225474825492979968971970996283137471637224634055579

pineapple = 4373612677928697257861252602371390152816537558161613618621437993378423467772036
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X(X+Y)x+2) + Y (x+D(Y+)
+ 2 (X+2)(y +2) = 4 (x+)(x+2) (Y+2)

@. IS [:Lus O e,QQ.P)fc. m'??.
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Ex.

X (x+9)(x+4) + q (x+y) (g +4)
+ (X +4) (ry+4) = lq.(x-rn)(x +4) (84—&3

37'4.;(5 +a = XS-ZSHX + 1352

Kab.od r,.-,.{s 77
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Ex.

X (x+9)(x+4) * q (x+y) (g +2)
¢ (x+8) (v+4) = 4 (x+9)(x+4) (34-4.)

37’4-7(5 +a = X3-23\+X + 1352
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Louis Mordell André Weil
1888 — 1972 1906 — 1998

Theorem (Mordell-Weil, 1928)

Let F be a number field, and let A/ F be an abelian variety. Then, the
group of F-rational points on A, denoted by A(F), is a finitely
generated abelian group. In particular, A(F) = A(F)ors ® Z54/F where
A(F)tors Is a finite subgroup, and Ry ,r > 0.
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E(@) =40, (010, (o), (229}

n ZL
E@ x5

uw |
-
ij E@ *E@)
RE/Q = 0.
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Here is the simplest solution:
7&‘ apple = 154476802108746166441951315019919837485664325669565431700026634898253202035277999
\/;- banana = 36875131794129999827197811565225474825492979968971970996283137471637224634055579

'2. = pineapple = 4373612677928697257861252602371390152816537558161613618621437993378423467772036
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E(Q) = E(Q)tors ® Z"E/0

What torsion subgroups E(Q)iors are possible?

Theorem (Levi—Ogg Conjecture; Mazur, 1977)
Let E/Q be an elliptic curve. Then

E ~
(Qors {Z/2Z ®Z/2MZ  with1 < M < 4.

Moreover, each possible group appears infinitely many times.

7] MZ with1 <M <10orM =12, or L F
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Curve Torsion Generators
y? =23 —2 trivial @
y? = a3 + 8 727 (—2,0)
y? =a3 + 4 Z/3Z (0,2)
y? =23 +dx Z./AZ (2,4)
Y2 —y =2 —x? Z./5Z (0,1)
y? =23+ 1 Z/6Z (2,3)
y? = 3 — 437 + 166 Z|TZ (3,8)
y? 4+ Toy = 22 + 162 YARY/ (—2,10)
4oy +y=a— 22— 14z + 29 Z/9Z (3,1)
y? + axy = 23 — 452 + 81 Z./10Z (0,9)
y? + 432y — 210y = 2% — 21022 Z7./127 (0,210)
y? =2 —da Z2ZeZ/2Z  (537)
y? =23 + 222 — 3w L/AZ & 1) 27 (Egg%)
y? + by — 6y = o3 — 32 Z/6Z & Z/2Z ({{E?’fij)
V24 1Tey — 120y = 2* — 6022 ZSZ@Z/2Z (23700

Figure 16.4. Examples of each of the possible torsion subgroups over Q).
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How do yn_compebe Torsion subecovps

T heoreM (M%JQ L Lota)

)-Q); E/@ Lc O f.o,o}fi.'c awt w;l/l.\_ w-Qﬁ‘A
‘éz= X3+AX-\B , AI%GZ—

/”'\AM, rtnn +ors’w Pvu\"* PC E(®)+ors p P?L(D :
(\)/n\.g CG“UQS- (% ? O~ in\'eém\s: X(P),aCP)éZ,
(2) 18 P i 05 alen 023 ’\'Lm (B(p)z) (4A3+zqg ).

(5’5‘8 P‘-"g""‘QM 2 ,*LM H(P):O an&
x(P)2+A x(P) +8 =0.
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